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Abstract

The problem of a steady forced convection thermal boundary-layer driven by a power-law shear is investigated. The search
for similarity solutions reduces the problem to a couple of ordinary differential equations containing three parameters: the
exponent of the decaying exterior velocity profile, the exponent of the power-law prescribing the thermal condition on the
wall and Prandtl number. The effects of these parameters on the existence and form of similarity solution are investigated
and the functional dependence of the local Nusselt number on these parameters is reported and discussed. An analysis of tr
assumptions usually accepted to derive similarity solutions is also reported in order to show the range of values of the exterior
velocity power-law exponent for which such solutions may exist.

0 2005 Elsevier SAS. All rights reserved.

1. Introduction

Convective heat and momentum transfer over a flat plate was the subject of intense studies since the early work of Prandtl
[1] in 1904, and the first solutions of the boundary layer momentum and energy equations date back to 1908 [2] and 1921
[3] respectively. Despite such a long history, the problem is still a challenge today, as witnessed by the flourishing of large
number of theoretical and numerical studies on this subject in the recent years. As is well known, the convective heat transfer
phenomenon depends not only on the form of the imposed thermal boundary conditions on the wall but also on the boundary
conditions imposed on the fluid dynamics problem. Then, the classical Blasius problem of a viscous boundary layer over a
semi-infinite impermeable flat plate was extended to different wall conditions, such as the case of stretching walls [4-8], and
porous media (see for example [9,10]) and it was also shown that a strong analogy exists between this two flows as the ordinary
differential problem obtained after the similarity transformation is the same (see for example [13]). The case of the adjustment
of the laminar boundary layer to an exterior power-law velocity profile of the form:

U=p8y* y— o0 1)

was treated by Weidman et al. [11] for both non-permeable surfaces and free shear layer, and by Magyari et al. [12] for permeable
surfaces. Weidman et al. [11] showed that no similarity solution of the momentum equation exists fefl, and from the
performed numerical experiments they suggested that alse £or-2/3 no solution should exist. They also gave analytical
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Nomenclature

arbitrary constants

specific heat

non-dimensional stream function
convective heat transfer coefficient
enthalpy flux

thermal conductivity

characteristic length

exponent in similarity lawsn («) = g‘(—i%
exponent in wall temperature law

free stream-wall temperature difference
Prandtl number

heat flux

strength of the heat source

Reynolds number

temperature

non-dimensional velocity along the plate
velocity along the plate

free stream velocity

non-dimensional velocity normal to the plate
velocity normal to the plate

non-dimensional Cartesian coordinate along
the plate

Cartesian coordinate along the plate

y

Greek symbols

Indexes

c
w
o0

non-dimensional Cartesian coordinate norm
to the plate
Cartesian coordinate normal to the plate

exponent in free stream velocity profile
constants

non-dimensional enthalpy thickness
non-dimensional variable
non-dimensional coordinate
non-dimensional temperature
kinematic viscosity

non-dimensional variable

density

non-dimensional temperature gradient at th
fluid—solid interface
stream function

critical
wall
free stream

solutions fore = —1/2 in terms of Airy functions. Magyatri et al. [12] reported, for permeable wall with blowing or suction, that
analytical solutions exist far = —2/3 anda = —1/2. Under the same boundary conditions (1), Magyari et al. [14] studied the
heat transfer characteristics of the boundary layer flow past an impermeable semi-infinite flat plate corresponding to the case

a = —1/2 and exact analytical solutions were given for the isothermal and the adiabatic wall cases.

One of the objectives of the present paper is to analyse the problem of the forced convection thermal boundary layer under
the general case of the power-law velocity profile (that comprises the classical no-shear case) on a semi-infinite flat plate subject
to boundary conditions for the energy equation that may assure the existence of similarity solutions, thus extending the study of
Weidman et al. [11] to thermally active flows only for the case of bounded flows. This problem has a wide variety of technical
and environmental applications, as pointed out in [11] and [14], justifying the interest in finding the conditions for the existence
of similarity solutions, which often form the basis of first estimates to the solution of real physical problems. The last section
of the paper is devoted to an analysis of the assumptions usually accepted to derive similarity solutions, to show the range of
values of the parameterfor which such solutions are expected to exist.

2. Basic equations

Consider an incompressible steady laminar boundary layer flow over a semi-infinite solid flat plate, neglecting buoyancy and
viscous dissipation and with zero pressure gradientxlagdy be the coordinates measured, respectively, along and normal to

the plate. Defining the non-dimensional variables:

X =

the basic equations describing the conservation of mass, momentum and energy in the boundary layer are given by [15]:

N~ =

5 il L
=ou=—; v=-—

YT v v
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dx  dy
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The mass and momentum equations (2) and (3) must be solved subject to the non-slip boundary conditions on the wall and,
following [11] and [14], we will consider the general case of an exterior power law velocity profile:

u(x,0) =0; v(x,0) =0,
UsoOL _ yJ*L _ yy*Ll*
v v

= By*

with 8 =y L1 /y. The solution of the steady fluid mechanic problem is classically found by introducing the stream function
¥ and by the similarity transformation (see again [11,14]):

u(x,y — 00) =

n=yx""t g = (5)
reducing the momentum equation to the ordinary differential equation:

" mff" = f'f'@mn-1=0 (6)
with boundary conditions

fO=0 f(O=0 f(y=o00)=pn" )

and the last one imposes = g—i% It is clear that the parameterhas a basic significance and it is physically more relevant
that the similarity parameter above introduced. For this reason throughout the paper the parametiébe used to discuss
the various cases ama(«) will be employed some time to simplify some equations or some plots.

The characteristic length can be arbitrarily chosen, in particular the choice:

0\ /(@)

L= (7) = p=1
14

simplifies the problem and, as pointed out by Weidman et al. [11], the solutiofs#dk can be obtained by the transformation:

1/(1+
Ly— (K) o a)51/<1+a>; T _ S o1/, ®)
dr]lls7 dn?

Due to this degree of freedom, in the remainder of the paper the valgend be set equal to 1 (and. = (v/y)l/(1+"‘))
without loss of generality.
When needed, Eq. (6) was solved numerically by a 4th-order Runge—Kutta method, following a procedure simi-
lar to that reported by [11]. The values af_“‘/(aJrz)(du/dn),,:o = fJ/(0) were calculated for different values of
and compared (see Fig. 1) to the results reported in [11] with good agreement (to be noticed that the classical no-

25
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Fig. 1. Values off/ (0) for different values ofx compared to those found by Weidman et al. [11] (solid line).
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shear case giveg(0) = 0.33206, and fore = 1, the solution isf; = n2/2 and f1(0) =1, ie. the classical Couette
solution).
Considering now the energy equation, under the same assumptions above mentioned it becomes:
PrxfyTx — m(a)Pr fo Ty — Tyy = 0. 9)

In the next sections the conditions for the existence of similarity solutions of Eq. (9) will be discussed.

3. Similarity solutions of the energy equation

Similarity solutions of Eq. (9) can be found by choosing appropriate boundary conditions. Consider the following transfor-
mation:

T =Px)O(,x)+ Too,
T(x,n) —Teo
e =—; P =T — T
&, x) TG00 T () =Tx,0) - T
it is easy to see that similarity solutions (i®.explicitly independent of) of Eq. (9) can be found whenP, /P =n = const
providedP (x) = T (x,0) — T # 0, yielding:

O +m@Pr fu 05" —nPr fL,0"® =0, (10)
Ox,0=1 O(x,00)=0
and
P(x)=T(x,0) — Too = Ax". (11)
The wall thermal flux is then:
oT k k
Gu=—kg== _ZT,,x’"(“)—l = ZAqﬁ,,,a(F>r)x”+m<°f>—1 (12)

where®, o (Pr) = —@,5"’“) (0) and the local convective heat transfer coefficient can be written as follows:

qw k m(a)—1
h=———/¥——=—¢ Pr
T 0) — T L ome (PP
showing that @, ox@TD/(@+2-1 has the physical meaning of a non-dimensional heat transfer coefficient while
.o (PHx @D/ (@42 — 3/ is the local Nusselt number.
To notice (from Eq. (12)) tha® "-®) s also the similarity solution with prescribed wall heat flux distribution given by the
power law:

qu = an+m(oz)—l’

The three cases of main practical interest, namely the uniform wall temperature, the uniform wall heat flux and the “adi-
abatic” wall, are defined by the conditions=0,n =1 — m(«x) andn = —m(«) respectively (the last statement stems from
Eq. (14)).

Again a 4th-order Runge—Kutta shooting method was used to solve Eq. (10). It is well known that for the classical case
of no shear ¢ = 0) the dependence @b, , on the Prandtl number assumes (fr> 0.6, see [16,17]) the approximate
form: @, o= C,,,oPrl/3 for both the uniform wall temperature & 0) and uniform heat flux{= %) conditions. Figs. 2(a)—
2(c) report the values of, ¢ = Pp.« Pr13fora=0,a = —1/2 anda = 1/2 and different values of, showing that the
above mentioned dependence still holds for the investigated valuesofiz, but the range of validity changes with in
Figs. 2(a)—(c), the thick solid line indicates wheTg , attains values equal to 0.97 times the asymptotic value. The increase
of @ increases the range & where the asymptotic approximation holds. It should be noticed that for the classical no-shear
case(a = 0) with uniform temperature conditiom (= 0), the value ofCq g is expected to be approximately382 [15] (for
Pr > 0.6), while with constant heat flux condition & %), C1/2,0 is expected to be approximately equal td%B as reported
by [15], although in [17] a slightly different value (namef$; 2 o = 0.460) was suggested; in the present case a value of
C1/2,0 = 0.459 was found.

Fig. 3(a) shows the value @b, ,(Pr=1) as a function of: for three different values af (namelye = —1/2, « =0,
o =1/2). Allthe curves pass through the point£ —(e+1)/(¢+2), @, o = 0) and show a similar dependenceroifrig. 3(b)
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Fig. 2. Values ofC;, o = ®,,.«Pr—1/3 as a function of Prandtl number for different valuesiaind for: (a)x = —1/2; (b)a = 0; (C) & = 1/2.
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Fig. 3. (a) Values ofp, o (Pr=1) as a function of: for « =0, +1/2. (b) Values of®,, o /Pq  for Pr =1 as a function of =1+ n/m(a)
fora =0,+1/2.

shows the same curves as a functiongok 14 n/m(a) (Where agaim (o) = (¢ + 1)/(« + 2)) and the values o®, o /Pg o
were plotted (foPr = 1). The fact that all the curves are close to each other can be understood by the following approximate
analysis. On integrating Eq. (10) we obtain after a partial integration and taking into account the boundary conditions:

o
Pp.a(Pr)=—m(@Pr lim_ fu®"") + (m(@) +n)Pr / fu®" ) dn. (13)
0
Let us conjecture tha® "®) goes to zero faster thap @+ when; — co (for « = —3 this was proven by Magyari

et al. [14]), then Eq. (13) becomes:
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Fig. 4. Plot of the functiom® 1@ for different values of andn.
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Fig. 5. Region in thén, m) plane of the expected existence of similarity solutions of the energy boundary layer problem.

o0
@y (P) = [m(@) + n]Pr/ fre®® dy (14)
0

and due to the fact thatQ ® < 1 and®, o > 0, the conditiom +m(«) > 0 must always be fulfilled. Figs. 4 shows the function
n%t1e ™. for some values ofn, o), apparently confirming the validity of the above mentioned conjecture. It should be re-
membered that, from the analysis reported in [11], similarity solutions of the momentum boundary layer problem (Egs. (6), (7))
are expected to exist only fat (o) > 1/4. Fig. 5 reports instead the region in the m) plane of the expected existence of
similarity solutions of the energy boundary layer problem (Egs. (10)). It should be pointed out that no analysis exists regarding
the possible limitations fot — oo. Consider now the variable,, o /®g o plotted in Fig. 3(b), from Eq. (14):

Bpo (@) +n)Pr [7° f,00Ddy [ f,00) dn
oo m@Pr [{°f,000dy T [ fre0wdy

from the shape of the variablez"-®) and f7, a rough approximation of the integrands is given by:
@(n,oc) _ 1- Pp.an for& = Dpan < 1
0 foré =®pan>1
f/ _ 07(0)7] foré& = Dy an < e,
“ foré =y oan >4

with £, = [ £/ (1Y@ =D /@, ,. Wheng, > 1 (a condition that was found to be satisfied for a large range of valuesod)
the integrals assume the form:

1 1
4 i
, 7/(0) / 7/(0)
()11 — Py ) dly = g1—g)ds = e
Of Ja O = Pnc) &y (@) BP0l
then:
Dy ~ @Qa 2 Pn,a ~ +#1/3
qbo,a‘;(%,a) 7 Bee o (3)

The actual form of the interpolating line §8-41 put the above “order of magnitude” analysis explains the functional depen-
dence.

It is of a certain interest to consider separately the characteristics of the three cases of main practical interest above men-
tioned, namely the uniform wall temperature £ 0), the uniform wall heat fluxi{= 1 — m(«)) and the “adiabatic” wall
(n=—m(a)).

The isothermal waln = 0). Fig. 6(a) reports the solution® @@ for four values ofw for Pr = 1. It is evident a non-
monotonic behaviour whem changes from-1/2 to 1/2. The slope of the curves at=0 (i.e. g, (Pr = 1) = —@,(,"’“) 0))
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Fig. 7. Non-dimensional temperature gradieny at 0 for constant wall temperature and constant wall heat flux.

was then evaluated for different valuescofind the results are shown in Fig. 7: a minimum valuegf, (Pr = 1) ~ 0.3145
is found fora ~ —0.25673. It is also worth noticing that the integral in Eq. (14) is the non-dimensional thermal (enthalpy)
thicknessA, (see [18]), then we may write (far £ —m(a)):

n,o _ (pn,a(Pr)

= 16
2 (m(@)+n) (16)
and forn = 0:
O.a a+2 a+2 1/3
AT = ——= | P (PN = | — P
2 <a+1) 0, (PT) <a+1>C0,a r

and the value of the thermal thickness Rair= 1 is shown in Fig. 8 for different values of the parameteA minimum value
of Ag"" ~ 0.656%r1/3 is reached fow ~ 0.1234. To notice that the values m";’"‘ were also calculated by a numerical
integration oij°° f&@("’a) dn and found to agree with those calculated from (16) with accuracy better than 0.5%.

The constant flux wall: = 1/(« 4+ 2)). The constant flux wall is characterised by a temperature distribution given by the law:
T(x,0) — Too = Ax Y/ @+

and by non-dimensional temperature profiles as those reported in Fig. 6(b) for four vaduasaforPr = 1. Also in this case
the behaviour is non-monotonic whenchanges from-1/2 to 1/2 and the non-dimensional temperature gradient at the wall
surface @1/ 12),« (Pr=1)) was evaluated for different values @fand compared to the results obtained for the isothermal
wall in Fig. 7. The dependence enis similar but the minimum value 0Py /442« (Pr=1) ~ 0.4563 is now reached for

o ~ —0.0944. The thermal (enthalpy) thickneas is now equal top,,  (Pr) (see Eqg. (16)) and it is compared (fBr = 1) to

the isothermal case in Fig. 8. The thermal thickness for the constant temperature case is always larger, and the ratio

age (a + 2) ) an
A;/(CH‘Z)JX a+1 @1/((1_,_2)’0[('3[')
is shown in Fig. 9. Applying the approximate result of Eq. (15) to Eq. (17) yiwgﬁ/A%/(“JrZ)’“ ~ m(a)~2/3, reported also

in Fig. 9, where a best fit of the available data, suggesting an exponent eqt@b@8 instead of-2/3, is also shown.

The adiabatic walln = — (@ + 1)/(« + 2)). The limiting case: = —m («) represents the so called “adiabatic wall” condition,
and fora = —1/2 it was accurately analysed by Magyari et al. [14]. The general solutih 7€(®):%) and some profiles
are reported in Fig. 6(c), in this case the non-dimensional temperature gradient at the wall surface is always nil. The wall
temperature profiles for the adiabatic wall are then giverTtly, 0) = Ax (@) 4 T,. Apparently, such solutions do not seem
meaningful, from a physical point of view, for the impermeable semi-infinite slab. In fact, consider the enthalpy flux through
any plane defined by = const., namely:

o o

H= pc/a[T(x, n) — Too] dj = pev P (x)x™ @ / f2e® () dn
0 0
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then, neglecting heat conduction in thelirection, the energy balance over an element of the boundary layer gives:

dH
a =qu=0 (18)

where the last equality holds for an adiabatic wall (the same result can be obtained by integrating directly the energy equation
accounting for all the boundary conditions). It is then clear that any solution of the foemP (x)® () + T Can satisfy

(18) only if P = Ax~™(®)_But, for the semi-infinite slab with no heat input, the initial condition is eviderfily0) = 0, thus
P(x)x™(@ =0, yielding the trivial solutionT,, = T». However, consider the case with a point-like heat source positioned at
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x = 0, then the initial condition for Eq. (18) becomd$(0) = 0, where is the strength of the energy sourcerat 0. This
yields:

o0
pev P (x)x™@ / fL,eEm@O@ gy dy = 0
0

P(x)= 2 x 7M@)

1y A(mm(a),a)
pevA,

that is the non-trivial solutions for the adiabatic case.

4. Validity of the similarity solutions

The momentum and energy equations (3), (4) were obtained under the assurdftione? < 92u/dy? andd?T /dx2 <«
32T /dy2. Considering the full form of the equations:

du N . %u 8%
U—+v———5=—,
dx dy 9y2  9x2

Pr( 8T+ aT) 32T 32T
U—+v—|——5=—%
9y2 ax2

ox dy
by the similarity transformation (5) they become:

1—
( me) [f”'nz(m — 1+ f”n[5m — 4]+ f/2(2m — 1)], (19)

[f/// +mff” _ f’f’(Zm _ 1)] —
Proaf' Ty —mPr fTy — Tyy = iZm[T,,,,nz(m — 124 Tyn(m —2)(m — 1) + x%Tyx] (20)
X

where agaim = (¢ + 1)/(« + 2). Now it is worth to consider the conditions under which such equations admit similarity
solutions.

4.1. The case > —1

Let first suppose that > —1, thenm () > 0. Whenx becomes large, the RHS of Eq. (19) becomes negligible and Eg. (6)
is recovered. For the energy equation, choosing again:

T=Px)Ox,n) + Teo,
6 (0) =1, O (c0) =0
we obtain:
P
Prxf’?x@ +Praf Oy —mPr fO, — Opy = x 2" [Opyn(m — 1) + Opn(m — 2)(m — 1)]
P P
+x 22229 4 202220, + x20,,
P P
and, on searching for a soluti@n that is explicitly independent of, the equation becomes:
P P
Prf'x=2© —mPr [0 — Oy = X2 @y (m — 1) + Oyn(m — 2)(m — D] +x~2" (ﬁ%@)
and to have such a solution whenr—- oo the necessary and sufficient conditionci8, /P = n, as in fact:

P . P
xzﬁzn(n—l); lim x_zm(xzﬂ)zo
P xX—00 P

and Eq. (9) is recovered. This shows that Egs. (6) and (9) and the relative similarity solutions, discussed in the previous section,
hold for large values of. To better capture the meaning of “large values'gfconsider the classical cage= 0, then:
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1 1
f/// + Eff// _ = [f///ﬂz + 3f//71]v
1 , 1 2
Oy + EPrf@n —Prf'n® = _E[@"”" + 30,0 +4n(n — O]
with B.C.:

, UsoL
fO@=0  f(O=0  fl(o)=p=—"2,

v
0 =1  O(c0)=0.

Choosingg = 1, the maximum value of for which the problem still retains a practical interestigiax = Re- whereRe.
is the critical Reynolds number for transition to turbulenBe.(= 5 - 10° for the present case). Fig. 10 shows a comparison
betweenf””’ and%‘[f’”n2 + 37”51 (proportional to the retained and neglected term in the Laplacian) showing that already for

X/Xmax > 1073 the peek value of the neglected term in the Laplacian is less tiééf Of the retained one. An identical result
can obviously be obtained for the energy equation in the Pasel, andn = 0.
Consider now the case— 0. In such a case the asymptotic form of the momentum equation becomes:

F"n2m — 1) + f'nl5m — 41+ f'2(2m —1) =0
i.e. an Euler equation whose solutions are given by:
f'=Bn?2+Cn*
(having excluded the case= —2 that givesn(«) = oo) but it is clear that the B.C.:
f)=0; (0 =0; f!(00) = pn®
cannot all be satisfied. This means that similarity solutions fex 0 do not exist, implying a similar result also for the energy
equation.

4.2. Thecase < —1

In this case the functiom (@) is negative and, for large values.ofEq. (19) becomes:
£"00m = 1) + f'ni5m — 41+ f'2(2m —1) =0 (21)

and, as shown above, this equation cannot satisfy the boundary conditions, for any negative value of theniagtiBor
x — 0 the momentum and energy equations become:

7 mff" = f'@m=1)=0,
O™ +mPr fuOF"™ —Pr f1n6™ =0
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Fig. 11. Numerical solutions of the momentum equation wiaen—1 for different values of.

but it was already mentioned that this momentum equation admits similarity solutions satisfying the given boundary condition
only for 1> m(«) > 1/4, thus excluding any solution also for small values of

4.3. Thecase =-1

In this casen(«) = 0 and the momentum equation becomes:
@0+ A+ 1+ 21" =0,
fO=0  [fO=0  f(y=00)=pn""
but now for this particular value ef the value8 = y /v is independent of the choice of the characteristic length. This makes a
difference, as now the solutions found for different valueg afo not follow the scaling law (8). Fig. 11 shows the numerical
solutions for different values ¢f.
The similarity solution of the energy equation should satisfy the equation:
P P
Oy (L+n?) + 20,7 +x2%(~) —Prflx 6 =0

with the conditions:
Py
X— =n;
P P
thus obtaining; = n(n — 1) and:
Ony(L+12) + 20,0 + (n — 1—Pr f)n® =0.
The case with a uniform wall temperature=£ 0) shows a particular behaviour. The problem reduces to:

P
x2 xXx

Opn(L+12) + 26,7 =0,
60 =1 ©(0c0) =0
that admits an analytical solution that is independent of the actual velocity field:
O = _2 arctar(n) + 1,
O — _n 2
oA+
By (PT) = -0 (0) = ; = 0.63662
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5. Conclusions

The problem of steady forced convection thermal boundary-layer driven by a power-law shear has been considered. The
search for similarity solutions of the momentum and energy equations introduces three paraméthes:ekponent of the
decaying exterior velocity profilep” the exponent of the prescribed thermal condition on the wall necessary to obtain similarity
solutions and the Prandtl number. The dependence of the non-dimensional wall temperature gradient (proportional to the local
Nusselt number) on the Prandtl number was found to follow the 1/3-law (for a large range of Prandtl number values) for any
thermal boundary condition that assures the existence of a similarity solution. A common dependence of the same paramete
on («, n) was also found under the form of a power-law.

A critical analysis of the assumptions usually accepted to derive similarity solutions in boundary layer flow was performed.
The range of validity of the similarity solution was then quantified for the full range of values of the paramBte > —1,
the classical momentum and energy ordinary differential equations hold and similarity solutions were seen to be an acceptable
description of the flow for large values of the coordinatevhereas forr — 0 no similarity solutions exist. Faz < —1 the
differential equations describing the flow are modified, and no similarity solutions are shown to exist for any vald®of
a = —1 a possible solution is found for an isothermal wall.
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