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Abstract

The problem of a steady forced convection thermal boundary-layer driven by a power-law shear is investigated. Th
for similarity solutions reduces the problem to a couple of ordinary differential equations containing three parame
exponent of the decaying exterior velocity profile, the exponent of the power-law prescribing the thermal condition
wall and Prandtl number. The effects of these parameters on the existence and form of similarity solution are inv
and the functional dependence of the local Nusselt number on these parameters is reported and discussed. An ana
assumptions usually accepted to derive similarity solutions is also reported in order to show the range of values of th
velocity power-law exponent for which such solutions may exist.
 2005 Elsevier SAS. All rights reserved.

1. Introduction

Convective heat and momentum transfer over a flat plate was the subject of intense studies since the early work
[1] in 1904, and the first solutions of the boundary layer momentum and energy equations date back to 1908 [2] a
[3] respectively. Despite such a long history, the problem is still a challenge today, as witnessed by the flourishing
number of theoretical and numerical studies on this subject in the recent years. As is well known, the convective hea
phenomenon depends not only on the form of the imposed thermal boundary conditions on the wall but also on the
conditions imposed on the fluid dynamics problem. Then, the classical Blasius problem of a viscous boundary laye
semi-infinite impermeable flat plate was extended to different wall conditions, such as the case of stretching walls [4
porous media (see for example [9,10]) and it was also shown that a strong analogy exists between this two flows as th
differential problem obtained after the similarity transformation is the same (see for example [13]). The case of the ad
of the laminar boundary layer to an exterior power-law velocity profile of the form:

U = βyα, y → ∞ (1)

was treated by Weidman et al. [11] for both non-permeable surfaces and free shear layer, and by Magyari et al. [12] for p
surfaces. Weidman et al. [11] showed that no similarity solution of the momentum equation exists forα � −1, and from the
performed numerical experiments they suggested that also forα � −2/3 no solution should exist. They also gave analyti
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Nomenclature

A,B arbitrary constants
c specific heat
f non-dimensional stream function
h convective heat transfer coefficient
H enthalpy flux
k thermal conductivity
L characteristic length
m exponent in similarity laws:m(α) = α+1

α+2
n exponent in wall temperature law
P free stream-wall temperature difference
Pr Prandtl number
q heat flux
Q strength of the heat source
Re Reynolds number
T temperature
u non-dimensional velocity along the plate
ũ velocity along the plate
U∞ free stream velocity
v non-dimensional velocity normal to the plate
ṽ velocity normal to the plate
x non-dimensional Cartesian coordinate along

the plate
x̃ Cartesian coordinate along the plate

y non-dimensional Cartesian coordinate norma
to the plate

ỹ Cartesian coordinate normal to the plate

Greek symbols

α exponent in free stream velocity profile
β,γ constants
∆2 non-dimensional enthalpy thickness
ζ non-dimensional variable
η non-dimensional coordinate
Θ non-dimensional temperature
ν kinematic viscosity
ξ non-dimensional variable
ρ density
Φ non-dimensional temperature gradient at the

fluid–solid interface
ψ stream function

Indexes

c critical
w wall
∞ free stream

solutions forα = −1/2 in terms of Airy functions. Magyari et al. [12] reported, for permeable wall with blowing or suction
analytical solutions exist forα = −2/3 andα = −1/2. Under the same boundary conditions (1), Magyari et al. [14] studie
heat transfer characteristics of the boundary layer flow past an impermeable semi-infinite flat plate corresponding to
α = −1/2 and exact analytical solutions were given for the isothermal and the adiabatic wall cases.

One of the objectives of the present paper is to analyse the problem of the forced convection thermal boundary la
the general case of the power-law velocity profile (that comprises the classical no-shear case) on a semi-infinite flat pla
to boundary conditions for the energy equation that may assure the existence of similarity solutions, thus extending th
Weidman et al. [11] to thermally active flows only for the case of bounded flows. This problem has a wide variety of te
and environmental applications, as pointed out in [11] and [14], justifying the interest in finding the conditions for the ex
of similarity solutions, which often form the basis of first estimates to the solution of real physical problems. The last
of the paper is devoted to an analysis of the assumptions usually accepted to derive similarity solutions, to show the
values of the parameterα for which such solutions are expected to exist.

2. Basic equations

Consider an incompressible steady laminar boundary layer flow over a semi-infinite solid flat plate, neglecting buoy
viscous dissipation and with zero pressure gradient. Letx̃ andỹ be the coordinates measured, respectively, along and norm
the plate. Defining the non-dimensional variables:

x = x̃

L
; y = ỹ

L
; u = ũL

ν
; v = ṽL

ν

the basic equations describing the conservation of mass, momentum and energy in the boundary layer are given by [1

∂u

∂x
+ ∂v

∂y
= 0, (2)

u
∂u + v

∂u = ∂2u

2
, (3)
∂x ∂y ∂y
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∂T

∂x
+ v

∂T

∂y
= 1

Pr

∂2T

∂y2
. (4)

The mass and momentum equations (2) and (3) must be solved subject to the non-slip boundary conditions on the
following [11] and [14], we will consider the general case of an exterior power law velocity profile:

u(x,0) = 0; v(x,0) = 0,

u(x, y → ∞) = U∞(y)L

ν
= γ ỹαL

ν
= γyαL1+α

ν
= βyα

with β = γL1+α/ν. The solution of the steady fluid mechanic problem is classically found by introducing the stream fu
ψ and by the similarity transformation (see again [11,14]):

η = yxm−1, ψ = f (η)xm (5)

reducing the momentum equation to the ordinary differential equation:

f ′′′ + mff ′′ − f ′f ′(2m − 1) = 0 (6)

with boundary conditions

f ′(0) = 0; f (0) = 0; f ′(y = ∞) = βηα (7)

and the last one imposesm = α+1
α+2. It is clear that the parameterα has a basic significance and it is physically more relev

that the similarity parameterm above introduced. For this reason throughout the paper the parameterα will be used to discuss
the various cases andm(α) will be employed some time to simplify some equations or some plots.

The characteristic lengthL can be arbitrarily chosen, in particular the choice:

L1 =
(

ν

γ

)1/(1+α)

⇒ β = 1

simplifies the problem and, as pointed out by Weidman et al. [11], the solutions forβ �= 1 can be obtained by the transformatio

Lβ =
(

ν

γ

)1/(1+α)

β1/(1+α); dpfβ

dη
p
β

= dpf

dηp
β(p+1)/(α+2), (8)

Due to this degree of freedom, in the remainder of the paper the value ofβ will be set equal to 1 (andL = (ν/γ )1/(1+α))
without loss of generality.

When needed, Eq. (6) was solved numerically by a 4th-order Runge–Kutta method, following a procedur
lar to that reported by [11]. The values ofx−α/(α+2)(du/dη)η=0 = f ′′

α (0) were calculated for different values ofα
and compared (see Fig. 1) to the results reported in [11] with good agreement (to be noticed that the clas

Fig. 1. Values off ′′
α (0) for different values ofα compared to those found by Weidman et al. [11] (solid line).
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shear case givesf ′′
0 (0) = 0.33206, and forα = 1, the solution isf1 = η2/2 and f ′′

1 (0) = 1, i.e. the classical Couett
solution).

Considering now the energy equation, under the same assumptions above mentioned it becomes:

Pr xf ′
αTx − m(α)Pr fαTη − Tηη = 0. (9)

In the next sections the conditions for the existence of similarity solutions of Eq. (9) will be discussed.

3. Similarity solutions of the energy equation

Similarity solutions of Eq. (9) can be found by choosing appropriate boundary conditions. Consider the following tr
mation:

T = P(x)Θ(η, x) + T∞,

Θ(η, x) = T (x, η) − T∞
T (x,0) − T∞

; P(x) = T (x,0) − T∞

it is easy to see that similarity solutions (i.e.Θ explicitly independent ofx) of Eq. (9) can be found whenxPx/P = n = const,
providedP(x) = T (x,0) − T∞ �= 0, yielding:

Θ
(n,α)
ηη + m(α)Pr fαΘ

(n,α)
η − nPr f ′

αΘ(n,α) = 0, (10)

Θ(x,0) = 1; Θ(x,∞) = 0

and

P(x) = T (x,0) − T∞ = Axn. (11)

The wall thermal flux is then:

qw = −k
∂T

∂ỹ
= − k

L
Tηxm(α)−1 = k

L
AΦn,α(Pr)xn+m(α)−1 (12)

whereΦn,α(Pr) = −Θ
(n,α)
η (0) and the local convective heat transfer coefficient can be written as follows:

h = qw

T (x,0) − T∞
= k

L
Φn,α(Pr)xm(α)−1

showing that Φn,αx(α+1)/(α+2)−1 has the physical meaning of a non-dimensional heat transfer coefficient
Φn,α(Pr)x(α+1)/(α+2) = hx̃/k is the local Nusselt number.

To notice (from Eq. (12)) thatΘ(n,α) is also the similarity solution with prescribed wall heat flux distribution given by
power law:

qw = Bxn+m(α)−1.

The three cases of main practical interest, namely the uniform wall temperature, the uniform wall heat flux and t
abatic” wall, are defined by the conditions:n = 0, n = 1 − m(α) andn = −m(α) respectively (the last statement stems fr
Eq. (14)).

Again a 4th-order Runge–Kutta shooting method was used to solve Eq. (10). It is well known that for the classi
of no shear (α = 0) the dependence ofΦn,α on the Prandtl number assumes (forPr > 0.6, see [16,17]) the approxima
form: Φn,0 = Cn,0Pr1/3 for both the uniform wall temperature (n = 0) and uniform heat flux (n = 1

2) conditions. Figs. 2(a)–

2(c) report the values ofCn,α = Φn,α Pr−1/3 for α = 0, α = −1/2 andα = 1/2 and different values ofn, showing that the
above mentioned dependence still holds for the investigated values ofα andn, but the range of validity changes withα: in
Figs. 2(a)–(c), the thick solid line indicates whereCn,α attains values equal to 0.97 times the asymptotic value. The inc
of α increases the range ofPr where the asymptotic approximation holds. It should be noticed that for the classical no
case(α = 0) with uniform temperature condition (n = 0), the value ofC0,0 is expected to be approximately 0.332 [15] (for

Pr > 0.6), while with constant heat flux condition (n = 1
2), C1/2,0 is expected to be approximately equal to 0.453 as reported

by [15], although in [17] a slightly different value (namelyC1/2,0 = 0.460) was suggested; in the present case a valu
C1/2,0 = 0.459 was found.

Fig. 3(a) shows the value ofΦn,α(Pr = 1) as a function ofn for three different values ofα (namelyα = −1/2, α = 0,
α = 1/2). All the curves pass through the point (n = −(α+1)/(α+2), Φn,α = 0) and show a similar dependence onn. Fig. 3(b)
e
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(a)

(b)

(c)

Fig. 2. Values ofCn,α = Φn,αPr−1/3 as a function of Prandtl number for different values ofn and for: (a)α = −1/2; (b) α = 0; (c)α = 1/2.
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imate
(a)

(b)

Fig. 3. (a) Values ofΦn,α(Pr = 1) as a function ofn for α = 0,±1/2. (b) Values ofΦn,α/Φ0,α for Pr = 1 as a function ofζ = 1 + n/m(α)

for α = 0,±1/2.

shows the same curves as a function of:ζ = 1+ n/m(α) (where againm(α) = (α + 1)/(α + 2)) and the values ofΦn,α/Φ0,α

were plotted (forPr = 1). The fact that all the curves are close to each other can be understood by the following appro
analysis. On integrating Eq. (10) we obtain after a partial integration and taking into account the boundary conditions:

Φn,α(Pr) = −m(α)Pr lim
η→∞fαΘ(n,α) + (

m(α) + n
)
Pr

∞∫
0

f ′
αΘ(n,α) dη. (13)

Let us conjecture thatΘ(n,α) goes to zero faster thanη−(α+1) when η → ∞ (for α = −1
2 this was proven by Magyar

et al. [14]), then Eq. (13) becomes:
x

i
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(a)

(b)

(c)

Fig. 4. Plot of the functionηα+1�(n,α) for different values ofα andn.
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Fig. 5. Region in the(n,m) plane of the expected existence of similarity solutions of the energy boundary layer problem.

Φn,α(Pr) = [
m(α) + n

]
Pr

∞∫
0

f ′
αΘ(n,α) dη (14)

and due to the fact that 0� Θ � 1 andΦn,α � 0, the conditionn+m(α) � 0 must always be fulfilled. Figs. 4 shows the functi
ηα+1Θ(n,α) for some values of(n,α), apparently confirming the validity of the above mentioned conjecture. It should b
membered that, from the analysis reported in [11], similarity solutions of the momentum boundary layer problem (Eqs.
are expected to exist only form(α) > 1/4. Fig. 5 reports instead the region in the(n,m) plane of the expected existence
similarity solutions of the energy boundary layer problem (Eqs. (10)). It should be pointed out that no analysis exists r
the possible limitations forn → ∞. Consider now the variableΦn,α/Φ0,α plotted in Fig. 3(b), from Eq. (14):

Φn,α

Φ0,α
= (m(α) + n)Pr

∫ ∞
0 f ′

αΘ(n,α) dη

m(α)Pr
∫ ∞
0 f ′

αΘ(0,α) dη
= ζ

∫ ∞
0 f ′

αΘ(n,α) dη∫ ∞
0 f ′

αΘ(0,α) dη

from the shape of the variablesΘ(n,α) andf ′
α a rough approximation of the integrands is given by:

Θ(n,α) =
{

1− Φn,αη for ξ = Φn,αη < 1,

0 for ξ = Φn,αη � 1,

f ′
α =

{
f ′′
α (0)η for ξ = Φn,αη < ξc,

ηα for ξ = Φn,αη � ξc

with ξc = [f ′′
α (0)]1/(α−1)/Φn,α . Whenξc > 1 (a condition that was found to be satisfied for a large range of values ofα andn)

the integrals assume the form:

1∫
0

f ′′
α (0)η(1− Φn,αη)dη = f ′′

α (0)

[Φn,α]2
1∫

0

ξ(1− ξ)dξ = f ′′
α (0)

6[Φn,α]2

then:

Φn,α

Φ0,α
� ζ

(
Φ0,α

Φn,α

)2
⇒ Φn,α

Φ0,α
� ζ1/3. (15)

The actual form of the interpolating line isζ0.41 but the above “order of magnitude” analysis explains the functional de
dence.

It is of a certain interest to consider separately the characteristics of the three cases of main practical interest ab
tioned, namely the uniform wall temperature (n = 0), the uniform wall heat flux (n = 1 − m(α)) and the “adiabatic” wall
(n = −m(α)).

The isothermal wall(n = 0). Fig. 6(a) reports the solutionsΘ(0,α) for four values ofα for Pr = 1. It is evident a non-

monotonic behaviour whenα changes from−1/2 to 1/2. The slope of the curves atη = 0 (i.e.Φ0,α(Pr = 1) = −Θ
(n,α)
η (0))
o
e
(
o
e

p

o
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batic
(a)

(b)

(c)

Fig. 6. Non-dimensional temperature profile for some values ofα and for: (a) constant wall temperature; (b) constant wall heat flux; (c) adia
wall.
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Fig. 7. Non-dimensional temperature gradient atη = 0 for constant wall temperature and constant wall heat flux.

was then evaluated for different values ofα and the results are shown in Fig. 7: a minimum value ofΦ0,α(Pr = 1) ≈ 0.3145
is found forα ≈ −0.25673. It is also worth noticing that the integral in Eq. (14) is the non-dimensional thermal (ent
thickness∆2 (see [18]), then we may write (forn �= −m(α)):

∆
n,α
2 = Φn,α(Pr)

(m(α) + n)
(16)

and forn = 0:

∆
0,α
2 =

(
α + 2

α + 1

)
Φ0,α(Pr) �

(
α + 2

α + 1

)
C0,αPr1/3

and the value of the thermal thickness forPr = 1 is shown in Fig. 8 for different values of the parameterα. A minimum value
of ∆

0,α
2 ≈ 0.6565Pr1/3 is reached forα ≈ 0.1234. To notice that the values of∆

n,α
2 were also calculated by a numeric

integration of
∫ ∞
0 f ′

αΘ(n,α) dη and found to agree with those calculated from (16) with accuracy better than 0.5%.

The constant flux wall(n = 1/(α + 2)). The constant flux wall is characterised by a temperature distribution given by the

T (x,0) − T∞ = Ax1/(α+2)

and by non-dimensional temperature profiles as those reported in Fig. 6(b) for four values ofα and forPr = 1. Also in this case
the behaviour is non-monotonic whenα changes from−1/2 to 1/2 and the non-dimensional temperature gradient at the
surface (Φ1/(α+2),α (Pr = 1)) was evaluated for different values ofα and compared to the results obtained for the isother
wall in Fig. 7. The dependence onα is similar but the minimum value ofΦ1/(α+2),α (Pr = 1) ≈ 0.4563 is now reached fo
α ≈ −0.0944. The thermal (enthalpy) thickness∆2 is now equal toΦn,α(Pr) (see Eq. (16)) and it is compared (forPr = 1) to
the isothermal case in Fig. 8. The thermal thickness for the constant temperature case is always larger, and the ratio

∆
0,α
2

∆
1/(α+2),α
2

=
(

α + 2

α + 1

)
Φ0,α(Pr)

Φ1/(α+2),α(Pr)
(17)

is shown in Fig. 9. Applying the approximate result of Eq. (15) to Eq. (17) yields:∆
0,α
2 /∆

1/(α+2),α
2 ≈ m(α)−2/3, reported also

in Fig. 9, where a best fit of the available data, suggesting an exponent equal to−0.528 instead of−2/3, is also shown.

The adiabatic wall(n = −(α + 1)/(α + 2)). The limiting casen = −m(α) represents the so called “adiabatic wall” conditio
and forα = −1/2 it was accurately analysed by Magyari et al. [14]. The general solution isΘ(−m(α),α), and some profiles
are reported in Fig. 6(c), in this case the non-dimensional temperature gradient at the wall surface is always nil.
temperature profiles for the adiabatic wall are then given byT (x,0) = Ax−m(α) +T∞. Apparently, such solutions do not see
meaningful, from a physical point of view, for the impermeable semi-infinite slab. In fact, consider the enthalpy flux t
any plane defined byx = const., namely:

Ḣ = ρc

∞∫
ũ
[
T (x, η) − T∞

]
dỹ = ρcνP (x)xm(α)

∞∫
f ′
αΘ(n,α)(η)dη
0 0
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equation

ed at
Fig. 8. Value of the thermal thickness�
n,α
2 vsα for Pr = 1 for the constant wall temperature (n = 0) and constant wall heat flux (n = 1−m(α)).

Fig. 9. Ratio of constant temperature thermal thickness and constant flux thermal thickness vsα.

then, neglecting heat conduction in thex direction, the energy balance over an element of the boundary layer gives:

dḢ

dx
= qw = 0 (18)

where the last equality holds for an adiabatic wall (the same result can be obtained by integrating directly the energy
accounting for all the boundary conditions). It is then clear that any solution of the formT = P(x)Θ(η) + T∞ can satisfy
(18) only if P = Ax−m(α). But, for the semi-infinite slab with no heat input, the initial condition is evidently:Ḣ (0) = 0, thus
P(x)xm(α) = 0, yielding the trivial solution:Tw = T∞. However, consider the case with a point-like heat source position
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larity

. (6)

s section,
x = 0, then the initial condition for Eq. (18) becomes:Ḣ (0) = Q, whereQ is the strength of the energy source atx = 0. This
yields:

ρcνP (x)xm(α)

∞∫
0

f ′
αΘ(−m(α),α)(η)dη = Q

i.e.

P(x) = Q

ρcν∆
(−m(α),α)
2

x−m(α)

that is the non-trivial solutions for the adiabatic case.

4. Validity of the similarity solutions

The momentum and energy equations (3), (4) were obtained under the assumptions∂2u/∂x2 � ∂2u/∂y2 and∂2T /∂x2 �
∂2T /∂y2. Considering the full form of the equations:

u
∂u

∂x
+ v

∂u

∂y
− ∂2u

∂y2
= ∂2u

∂x2
,

Pr

(
u

∂T

∂x
+ v

∂T

∂y

)
− ∂2T

∂y2
= ∂2T

∂x2

by the similarity transformation (5) they become:

[
f ′′′ + mff ′′ − f ′f ′(2m − 1)

] = (1− m)

x2m

[
f ′′′η2(m − 1) + f ′′η[5m − 4] + f ′2(2m − 1)

]
, (19)

Pr xf ′Tx − mPr f Tη − Tηη = 1

x2m

[
Tηηη2(m − 1)2 + Tηη(m − 2)(m − 1) + x2Txx

]
(20)

where againm = (α + 1)/(α + 2). Now it is worth to consider the conditions under which such equations admit simi
solutions.

4.1. The caseα > −1

Let first suppose thatα > −1, thenm(α) > 0. Whenx becomes large, the RHS of Eq. (19) becomes negligible and Eq
is recovered. For the energy equation, choosing again:

T = P(x)Θ(x,η) + T∞,

Θ(0) = 1; Θ(∞) = 0

we obtain:

Pr xf ′ Px

P
Θ + Pr xf ′Θx − mPr f Θη − Θηη = x−2m

[
Θηηη2(m − 1)2 + Θηη(m − 2)(m − 1)

]

+ x−2m

(
x2Pxx

P
Θ + 2x2Px

P
Θx + x2Θxx

)

and, on searching for a solutionΘ that is explicitly independent ofx, the equation becomes:

Pr f ′x Px

P
Θ − mPr f Θη − Θηη = x−2m

[
Θηηη2(m − 1)2 + Θηη(m − 2)(m − 1)

] + x−2m

(
x2Pxx

P
Θ

)

and to have such a solution whenx → ∞ the necessary and sufficient condition isxPx/P = n, as in fact:

x2Pxx

P
= n(n − 1); lim

x→∞x−2m

(
x2Pxx

P

)
= 0

and Eq. (9) is recovered. This shows that Eqs. (6) and (9) and the relative similarity solutions, discussed in the previou
hold for large values ofx. To better capture the meaning of “large values ofx”, consider the classical caseα = 0, then:
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son
dy for

lt

gy
Fig. 10. Magnitude off ′′′ and 1
4 [f ′′′η2 + 3f ′′η] (proportional to the retained and neglected term in the Laplacian) forx = 1.

f ′′′ + 1

2
ff ′′ = − 1

4x
[f ′′′η2 + 3f ′′η],

Θηη + 1

2
Pr f Θη − Pr f ′nΘ = − 1

4x

[
Θηηη2 + 3Θηη + 4n(n − 1)Θ

]
with B.C.:

f (0) = 0; f ′(0) = 0; f ′(∞) = β = U∞L

ν
,

Θ(0) = 1; Θ(∞) = 0.

Choosingβ = 1, the maximum value ofx for which the problem still retains a practical interest is:xmax = Rec whereRec
is the critical Reynolds number for transition to turbulence (Rec = 5 · 105 for the present case). Fig. 10 shows a compari
betweenf ′′′ and 1

4[f ′′′η2 + 3f ′′η] (proportional to the retained and neglected term in the Laplacian) showing that alrea

x/xmax> 10−3 the peek value of the neglected term in the Laplacian is less than 0.6% of the retained one. An identical resu
can obviously be obtained for the energy equation in the casePr = 1, andn = 0.

Consider now the casex → 0. In such a case the asymptotic form of the momentum equation becomes:

f ′′′η2(m − 1) + f ′′η[5m − 4] + f ′2(2m − 1) = 0

i.e. an Euler equation whose solutions are given by:

f ′ = Bη−2 + Cηα

(having excluded the caseα = −2 that givesm(α) = ∞) but it is clear that the B.C.:

f (0) = 0; f ′(0) = 0; f ′(∞) = βηα

cannot all be satisfied. This means that similarity solutions forx → 0 do not exist, implying a similar result also for the ener
equation.

4.2. The caseα < −1

In this case the functionm(α) is negative and, for large values ofx, Eq. (19) becomes:

f ′′′η2(m − 1) + f ′′η[5m − 4] + f ′2(2m − 1) = 0 (21)

and, as shown above, this equation cannot satisfy the boundary conditions, for any negative value of the functionm(α). For
x → 0 the momentum and energy equations become:

f ′′′ + mff ′′ − f ′f ′(2m − 1) = 0,

Θ
(n,m)
ηη + mPr fmΘ

(n,m)
η − Pr f ′

mnΘ(n,m) = 0
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Fig. 11. Numerical solutions of the momentum equation whenα = −1 for different values ofβ .

but it was already mentioned that this momentum equation admits similarity solutions satisfying the given boundary c
only for 1> m(α) > 1/4, thus excluding any solution also for small values ofx.

4.3. The caseα = −1

In this casem(α) = 0 and the momentum equation becomes:

f ′′′(1+ η2) + 4f ′′η + f ′f ′ + 2f ′ = 0,

f (0) = 0; f ′(0) = 0; f ′(y = ∞) = βη−1

but now for this particular value ofα the valueβ = γ /ν is independent of the choice of the characteristic length. This ma
difference, as now the solutions found for different values ofβ do not follow the scaling law (8). Fig. 11 shows the numeri
solutions for different values ofβ.

The similarity solution of the energy equation should satisfy the equation:

Θηη(1+ η2) + 2Θηη + x2Pxx

P
Θ − Pr f ′x Px

P
Θ = 0

with the conditions:

x
Px

P
= n; x2Pxx

P
= q

thus obtainingq = n(n − 1) and:

Θηη(1+ η2) + 2Θηη + (n − 1− Pr f ′)nΘ = 0.

The case with a uniform wall temperature (n = 0) shows a particular behaviour. The problem reduces to:

Θηη(1+ η2) + 2Θηη = 0,

Θ(0) = 1; Θ(∞) = 0

that admits an analytical solution that is independent of the actual velocity field:

Θ = − 2

π
arctan(η) + 1,

Θη = − 2

π(1+ η2)
,

Φn,α(Pr) = −Θ
(n,α)
η (0) = 2

π
= 0.63662.
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5. Conclusions

The problem of steady forced convection thermal boundary-layer driven by a power-law shear has been conside
search for similarity solutions of the momentum and energy equations introduces three parameters: “α” the exponent of the
decaying exterior velocity profile, “n” the exponent of the prescribed thermal condition on the wall necessary to obtain sim
solutions and the Prandtl number. The dependence of the non-dimensional wall temperature gradient (proportional to
Nusselt number) on the Prandtl number was found to follow the 1/3-law (for a large range of Prandtl number values
thermal boundary condition that assures the existence of a similarity solution. A common dependence of the same
on (α,n) was also found under the form of a power-law.

A critical analysis of the assumptions usually accepted to derive similarity solutions in boundary layer flow was per
The range of validity of the similarity solution was then quantified for the full range of values of the parameterα. Forα > −1,
the classical momentum and energy ordinary differential equations hold and similarity solutions were seen to be an a
description of the flow for large values of the coordinatex, whereas forx → 0 no similarity solutions exist. Forα < −1 the
differential equations describing the flow are modified, and no similarity solutions are shown to exist for any value ox. For
α = −1 a possible solution is found for an isothermal wall.
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